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Abstract— In this study, we consider a model based robust
control scheme for kinematically redundant robot manipulators
that also enables the use of self motion of the manipulator to
perform multiple sub-tasks (like, maintaining manipulability,
avoidance of mechanical joint limits and obstacle avoidance).
The controller proposed ensures uniformly ultimately bounded
end-effector and sub-task tracking despite the parametric
uncertainty associated with the dynamic model. The controller
design has been based on a Lyapunov type approach. Simulation
results performed on a 3 link planar robot arm are presented
to demonstrate the capabilities and the performance of the
controller.

I. INTRODUCTION

It is well known that to achieve better performance, it
is imperative to incorporate the nonlinear robot dynamics
into the controller design. However robot dynamics not
only exhibits high nonlinearities but also is hard to model
accurately. Additionally, external disturbances are inevitable
under real circumstances. Therefore robot controllers have to
be robust to the dynamical parametric uncertainties as well
as external additive disturbances. The control design problem
becomes more sophisticated when the desired motion of a
robot manipulator is defined at the end effector frame level,
referred as “operational space”. For non-redundant manip-
ulators there is a unique relation between the joint variables
and the end effector position/orientation. However this is not
the case for kinematically redundant robot manipulators.

Kinematically redundant manipulators have more degrees
of freedom (DOF) than is required to perform a task in
the operational space; hence, these extra degrees of freedom
allow the robot manipulator to perform more dextrous ma-
nipulation and/or provide the robot manipulator system with
increased flexibility for the execution of sophisticated tasks.
Since the dimension (i.e., n) of the link position variables
is greater than the dimension (i.e., m) of the operational
space variables, the null space of Jacobian matrix has a
minimum dimension of n − m. That is, any link velocity
in the null space of the manipulator Jacobian will not effect
the operational space velocity. This motion of the links is
referred to as self-motion since it is not observed in the
operational space. As stated in [1], [2], and [3], there are
generally an infinite number of solutions for the inverse
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kinematics of a redundant manipulator. Thus, given a desired
end effector trajectory, it is difficult to select a reasonable
joint space trajectory that satisfies both control constraints
(i.e., stability and boundedness of all signals) and mechanical
constraints (i.e., singularities and joint limit avoidance).
Therefore an efficient controller for kinematically redundant
robot manipulators should incorporate the robot dynamics
while being robust to parametric uncertainties associated
with the dynamics and external disturbances, and achieve
accurate end effector tracking while letting the self motion
of the manipulator available for performance enhancement.

Due to the challenging nature of the forementioned con-
trol design problem, many researches attacked it proposing
different types of controllers. To name a few; in [4], Khatib
proposed a control scheme based on the dynamic model of
a manipulator in Cartesian space and extended this result
for redundant manipulators by using the pseudo-inverse of
the Jacobian matrix. In [5], Seraji proposed the configuration
control approach in which the end-effector motion in task-
space is augmented by any n − m dimensional additional
tasks, such as optimization of kinematic and dynamic ob-
jectives or posture control. In [6], Hsu et.al. proposed a
dynamic feedback linearizing control law that guarantees
end-effector tracking and also provides control of redundant
link velocities. In [7], Colbaugh et.al. proposed a robust
adaptive controller that ensures globally ultimately bounded
Cartesian tracking provided that no external disturbances are
present in the robot dynamics and some sufficient conditions
on control gains are satisfied. In [8], Peng et.al. proposed a
compliant motion control for kinematically redundant manip-
ulators using an extended task-space formulation. In [9], Oh
et.al. proposed a disturbance observer based robust controller
that controls both the motion of the end effector and the null
space motion of the redundant manipulator. The controller
proposed used an extended operational space formulation
to express both operational space and null space dynamics.
Recently in [10], Zergeroglu et.al. presented a model based
controller that achieves exponential end-effector and sub-task
tracking. The extensions for adaptive and model based output
feedback type of controllers were also presented, however
the controllers proposed either required the exact knowledge
of the dynamics (for the full state and output feedback
controllers) or the uncertain robot dynamics to be linearly
parametrizable (for adaptive controller extension) and did not



take the external disturbances into account.
As can be seen from an examination of the cited papers

in the above paragraph, the previous research on control
of kinematically redundant manipulators is mainly concen-
trated on two major approaches. The first approach is the
extended or augmented operational space formulation. In
this approach, the dimension of the operational space is
extended by incorporating as many additional constraints as
the degree of the redundancy, and hence, the resulting system
becomes non-redundant. Unfortunately, this approach usually
introduces additional algorithmic singularities related to rank
of the so-called extended Jacobian matrix, and hence, can
cause the control input to become unbounded even though
the manipulator is not in a singular position. The second
approach is the generalized/pseudo-inverse based control
formulations that use the pseudo-inverse of the manipulator
Jacobian in the control formulation. While this approach can
not guarantee that the control remains bounded when the
manipulator is near singularities associated with the standard
Jacobian matrix, it does not introduce additional singularity
issues.

In this paper, we consider the design of a robust con-
troller for kinematically redundant robot manipulators using
a generalized/pseudo-inverse based formulation. Specifically
we have developed a robust controller that achieves uni-
formly ultimately bounded end-effector and sub-task tracking
despite the parametric uncertainties associated with the dy-
namics and additive external disturbances. When compared
with the previously proposed controllers; with respect to [6]
the controller proposed is robust to the parametric uncertain-
ties in the robot dynamics. With respect to [9], the proposed
controller does not introduce additional singularity issues due
to the extended Jacobian formulation and with respect to [10]
it is capable of compensating a larger class of uncertainties.
Moreover, in this work we have further investigated the use
and manipulation of multiple sub-task criteria to analyze their
effects on the performance of robots.

The rest of the paper is organized as follows. Section II
presents the kinematic and dynamic properties of redundant
robot manipulators. Section III states the control objective
and details the error system development. The use of multiple
sub-task criteria for possible performance enhancement is
presented in Section IV. Simulation results are given in
Section V. Finally Section VI contains concluding remarks.

II. ROBOT MODEL

A. Kinematic Model

The end-effector position and orientation in the operation
space, denoted by x(t) ∈ R

m, is defined as a function of
joint position vector as [11]

x = f(q) =
[

p (q)
φ (q)

]
(1)

where f(q) ∈ R
m, m ∈ Z is the forward kinematic

calculations, q(t) ∈ R
n denote the link position vector of an

n-link manipulator p (q) ∈ R
l and φ (q) ∈ R

(m−l) are the
vectors representing the end-effector position, and orientation
respectively and l ∈ Z is the size of the operational space.

Based on (1), the differential relationships between the
end-effector position and the link position variables, is ob-
tained as follows

ẋ = J(q) q̇

ẍ = J̇(q)q̇ + J(q)q̈
(2)

where q̇(t), q̈(t) ∈ R
n denote the link velocity and accelera-

tion vectors, respectively and J(q) � ∂f(q)/∂q ∈ R
m×n,

is the Jacobian matrix of the manipulator. Note that for
kinematically redundant manipulators the joint velocities
may also be represented using (2) as follows

q̇ = J+ẋ + (In − J+J) g
= J+ẋ + k (In − J+J) [∇H (q)] (3)

where J+(q) ∈ R
n×m is the pseudo-inverse of the manip-

ulator Jacobian and is defined in the following form [12]

J+ = JT
(
JJT

)−1
such that JJ+ = Im. (4)

In (3) In ∈ R
n×n denotes the n × n identity matrix,

(In − J+J) is the null space projection matrix. J+ẋ is the
minimum norm joint velocity solution, (In − J+J) g is a
homogenous solution of (3) in the null space of J orthogonal
to J+ẋ and g(t) ∈ R

n is an auxiliary joint velocity vector
which can be constructed to improve the performance of the
manipulator according to the sub-task control objective (e.g.,
mechanical limit avoidance, or obstacle avoidance). This
possible performance enhancement is achieved by optimizing
a proper performance criterion function, H (q) ∈ R, where
∇H (q) is the gradient of H (q) and k is a real valued
scaler. The pseudo-inverse defined by (4) satisfies the Moore-
Penrose Conditions [1], [13] given below,

JJ+J = J, J+J J+ = J+,

(J+J)T = J+J, (JJ+)T = JJ+ (5)

and the null space matrix (In − J+J) satisfies the following
properties
(In − J+J) (In − J+J) = In − J+J, J (In − J+J) = 0,

(In − J+J)T = (In − J+J) , (In − J+J)J+ = 0.
(6)

B. Dynamic Model

The dynamic model for an n-link, revolute, direct drive
robot manipulator is assumed to be in the following form
[11]

M(q)q̈ + C(q, q̇)q̇ + G(q) + F (q̇) + ξd = τ (7)

where M(q) ∈ R
n×n represents the inertia matrix, C(q, q̇) ∈

R
n×n represents the centripetal-Coriolis matrix, G(q) ∈ R

n

is the gravity vector, F (q̇) ∈ R
n represents the friction

effects, ξd ∈ R
n is a vector containing the unknown but

bounded, additive disturbance effects and τ(t) ∈ R
n is the

torque input vector.
The left-hand side of (7) can be separated as follows

M(q)q̈+C(q, q̇)q̇ +G(q)+F (q̇)+ξd = W (q, q̇, q̈) θ+ς (8)

where W (q, q̇, q̈) θ contains the linearly parametrizable (LP)
part of (7) and ς ∈ R

n contains the rest of the terms that
are not LP. In equation (8) θ ∈ R

r contains some of the
constant system parameters (i.e. mass of the links, center of
mass of a link, etc.), and the regression matrix W (·) ∈ R

n×r



contains known functions dependent on the signals q(t), q̇(t),
and q̈(t) (it is assumed that if the arguments of W (·) are
bounded then W (·) is bounded).

During the control development, we will make the com-
monly used assumption that the minimum singular value
of the manipulator Jacobian, denoted by σm is greater
than a known small positive constant δ > 0, such that
max {‖J+(q)‖} is known a prior and all kinematic singu-
larities are always avoided. We also note that since we are
only concerned with revolute robot manipulators, we know
that kinematic and dynamic terms denoted by M(q), C(q, q̇),
G(q), J(q) , and J+(q) are bounded for all possible q(t) (i.e.,
these kinematic and dynamic terms only depend on q(t) as
arguments of trigonometric functions).

III. CONTROL AND ERROR SYSTEM
FORMULATION

Our control objective is to design the control torque
input signal τ (t) such that the robots end effector in the
operation space can follow a desired end effector position
and orientation signal as closely as possible. Additional to
this main objective the designed control signal should also
enable the redundancy of the manipulator to execute sub-
tasks defined by at least one motion optimization measure
(such as joint limit avoidance and/or obstacle avoidance).
To achieve this, we will refer the task space tracking as
our “main” objective and enabling the use of manipulators
redundancy as our secondary or “sub-task” objective.

To quantify our main control objective, the operational
space tracking error e(t) ∈ R

m, is defined as follows

e = xd − x (9)

where xd(t) ∈ R
m denotes the desired operational space

trajectory where it is assumed that xd(t), ẋd(t), and ẍd(t) are
all bounded functions of time. Similar to [6], we define the
sub-task tracking error, denoted by eN (t) ∈ R

n, as follows

eN = (In − J+J) (g − q̇) (10)

where g was defined in (3). To provide motivation for the
definition of the sub-task control objective given by (10), we
take the time derivative of (9), and then substitute (2) for
ẋ(t) to obtain

ė = ẋd + αe − αe − Jq̇ (11)

where the term αe has been added and subtracted to right-
hand side of (11) to facilitate the control formulation, and α
∈ R

m×m denotes a diagonal, positive definite gain matrix.
Using the properties of the pseudo-inverse of the manipulator
Jacobian defined in (5), we can rewrite (11) in the following
advantageous form

ė = −αe + J
(
J+ (ẋd + αe) + (In − J+J)g − q̇

)
(12)

Based on the structure of (12) and the subsequent analysis,
we define a filtered tracking error signal, denoted by r(t) ∈
R

n, as follows

r � J+ (ẋd + αe) + (In − J+J)g − q̇; (13)

hence, the closed-loop operational space position tracking
error system can now be written into the final form

ė = −αe + Jr. (14)

Based on the structure of (14), we are motivated to regulate
r(t) in order to compensate e(t); hence, we must calculate
the open-loop dynamics for r(t). To this end, we take the
time derivative of (13), pre-multiply by the inertia matrix
M(q), and then substitute ( 7) to yield the following advan-
tageous form for the open loop dynamics

Mṙ = −Cr + ωr − τ (15)

where the function ωr (t) is defined explicitly as follows

ωr � M (q)
d

dt
{J+ (ẋd + αe) + (In − J+J)g}

+C (q, q̇) {J+ (ẋd + αe) + (In − J+J)g}
+G(q) + F (q̇) + ξd.

(16)

Note that applying (8), ωr (t) can also be separated into two
parts in the following way

ωr = Y θ + ξr (17)

where Y θ is defined as the regression matrix/parameter
vector formulation with Y (ẍd, ẋd, x, q, q̇, ġ, g) ∈ R

n×r de-
noting the regression matrix, θ ∈ R

r contains the constant
system parameters (e.g., mass, inertia, friction coefficients)
and ξr ∈ R

n contains the rest of the parameters of ωr that
are not linearly parametrizable.

In the following section of the paper, we will use the
structure of (14) to design the control input to ensure that
the operational space error and the filtered tracking error
defined by (9) and (13), respectively, are both regulated
uniformly inside an ultimate, adjustable bound. To illustrate
how the regulation of the filtered tracking error also ensures
regulation of the sub-task tracking error defined by (10), we
pre-multiply (13) by (In − J+J) and apply the properties
given in (6) to obtain

eN = (In − J+J)r (18)

where (10) has been utilized. From (18), it is clear that when
r(t) is regulated then eN (t) is also regulated, and hence, the
sub-task control is also achieved.

A. Control Design and Analysis

Based on the above error system development and the
subsequent stability analysis, we design the control torque
input τ(t) as follows

τ = Y θ̂ + Kr + υR + JT e (19)

where θ̂ ∈ R
rdenotes the constant best guess estimates of

the parameter vector, θ, is defined in (17), K ∈ R
n×n is a

constant, positive definite, diagonal gain matrix and υR ∈ R
n

is an auxiliary robust control term defined explicitly as

υR =
rρ2

‖r‖ ρ + ε
(20)

with the positive bounding function ρ (·) designed to satisfy

ρ ≥
∥∥∥Y θ̃

∥∥∥ + ‖ξr‖ (21)

and ε being a positive small scaler constant. In addition
θ̃ ∈ R

r given in (21) is the parameter estimation error
defined as the difference between the actual and the estimated
parameters as

θ̃ � θ − θ̂ (22)



In the subsequent analysis the following fact will also be
utilized ∥∥∥θ̃

∥∥∥ ≤ ζθ (23)

where ζθ ∈ R denotes a known positive bounding constant.
After substituting (19) and (17) into (15), the closed-loop
error system for r(t) can be written in the following form

Mṙ = −Cr + Y θ̃ + ξr − JT e − υR − Kr. (24)

We now state the following result.
Theorem 1: The robust control law described by (19)

guarantees uniformly ultimately bounded (UUB) task-space
end effector position and sub-task tracking in the sense

‖e(t)‖ ≤
√

a
b ‖z (0)‖2 exp (−γt) + 2ε

bγ (1 − exp (−γt)),

‖eN (t)‖ ≤ β
√

a
b ‖z (0)‖2 exp (−γt) + 2ε

bγ (1 − exp (−γt))
(25)

where z �
[

rT eT
]T

and auxiliary variables a, b, γ, β
are explicitly defined as follows

a = max (m2, 1) , b = min (m1, 1) ,

γ =
2 min (α, λmin (K))

max (m2, 1)
, β = ‖In − J+J‖i∞ .

(26)

Here m1, m2 are the positive lower and upper bounding con-
stants for the norm of M(q, q̇) matrix, ε, K were defined in
(20) and (19), and λmin {·} , λmax {·} are used to denote the
minimum and maximum eigenvalues of a matrix, respectively.

Proof 1: To prove Theorem 1, we start by defining the
following non-negative scalar function

V =
1
2
rT Mr +

1
2
eT e. (27)

Using the definitions of m1, m2 given in (26), it can be
shown that the following bounds hold for (27)

1
2

min {m1, 1} ‖z‖2 ≤ V (t) ≤ 1
2

max {m2, 1} ‖z‖2 (28)

where z (t) was previously defined. After taking the time
derivative of (27), substituting (14) and (24), and applying
the skew-symmetry property between the inertia and coriolis
matrices, and then cancelling common terms, we have

V̇ = rT

(
Y θ̃ + ξr − rρ2

‖r‖ ρ + ε
− Kr

)
− eT αe (29)

After using (21) we can upper bound the right hand side of
(29) as

V̇ ≤ −min {α, λmin (K)} ‖z‖2 +

[
ρ ‖r‖ − ‖r‖2 ρ2

‖r‖ ρ + ε

]
(30)

The bracketed terms of (30) can be manipulated as follows

ρ ‖r‖− ρ2 ‖r‖2

ρ ‖r‖ + ε
= ρ ‖r‖

(
1 − ρ ‖r‖

ρ ‖r‖ + ε

)
= ε

ρ ‖r‖
ρ ‖r‖ + ε

≤ ε,

(31)
hence using (31), we can further place an upper bound on
the right hand side of (30) as shown below

V̇ ≤ −min {α, λmin (K)} ‖z‖2 + ε (32)

From the upper bound on V (t) given in (28), we can further
upper bound V̇ (t) as follows

V̇ ≤ −γV + ε (33)

where γ was defined in (26). The differential inequality (33)
can now be solved to yield [15]

V (t) ≤ V (0) exp (−γt) +
ε

γ
(1 − exp (−γt)) . (34)

After applying the bounds of (28) to (34), we obtain the
following upper bound for z(t)

‖z(t)‖ ≤
√

a

b
‖z(0)‖2 exp (−γt) +

2ε

bγ
(1 − exp (−γt))

(35)
where a, b were defined in (26). Based on (35) and the
definition of z (t), we can show that the filtered tracking error
r (t) and the position tracking error e(t) can be bounded as
given by (25) and hence, due to the boundedness of J+(q)
and J(q), we can see from (18) that the bound given in (25)
is valid for eN (t). We can now show that all signals remain
bounded by employing standard signal chasing arguments,
utilizing assumptions that xd(t), ẋd(t), ẍd(t), g(t), and ġ(t)
are all bounded, and using the fact kinematic and dynamic
terms denoted by M(q), C(q, q̇), G(q), J(q) , and J+(q)
are bounded for all possible q(t). It should be noted that we
are not able to show that q(t) remains bounded due to the
self-motion of the robot manipulator (i.e., a standard problem
associated with redundant manipulators); however, all signals
in the manipulator kinematics/dynamics and the control
remain bounded independent of the boundedness of q(t)
because q(t) only appears as the argument of trigonometric
functions. �

IV. MULTIPLE SELF MOTION PERFORMANCE
CRITERIA OPTIMIZATION

Up to this point we have shown that, the proposed
controller can achieve operational space tracking and still
have the redundancy of the robot available to perform sub-
tasks. That is the self motion of the redundant manipulator
is available to perform at least one sub-task. The question
remaining is how to chose and manipulate the performance
criterion function H (q) defined in (3) when the robot is
subject to multiple performance criteria. An elegant way
proposed in [16] suggests that, after the selection of proper
performance criteria, an overall performance criteria can be
formulated as a weighted sum as follows

H (q) =
s∑

i=1

ωiHi (q) (36)

where Hi (q) is the scaler function expressing the ith desired
performance criterion, ωi’s are positive valued, scaled func-
tions representing the weight of the corresponding criteria,
and s ∈ Z+ is the maximum number of self motion (sub-
task) criteria. Utilizing (36), the auxiliary joint velocity
vector g (t), defined in (3) can be expressed in the following
form

g (t) = k
s∑

i=1

ωi [∇Hi] = k (ω1g1 + ω2g3... + ωsgs) (37)

where self motion control parameter k ∈ R was previously
defined. Based the formulation given in (37) multiple sub-
task prioritization associated to the task can be achieved
by adjusting the values of ωi’s subject to the following
constraint s∑

i=1

ωi = P (38)



where P is a real valued constant and is used in conjunction
with the self motion control parameter k. Taken to the
extreme, ωi can be adjusted through out the execution of
the task depending on the importance level of sub-task
(e.g. giving more importance to joint limit avoidance than
manipulability when the robot is very close to one of its
joint limits).

V. SIMULATION RESULTS

To illustrate the performance of the controller proposed in
Section 3, we utilized a 3-link revolute, planar robot with
the dynamical terms as in [11] except the frictional effects
matrix, which is selected as follows:

F (q̇) =

⎡
⎣ f1 (q̇1) 0 0

0 f2 (q̇2) 0
0 0 f3 (q̇3)

⎤
⎦ (39)

Here f1, f2, f3, denote the friction coefficients of each joint
constructed explicitly as follows [17]

fi (q̇i) = fdiq̇i + fsi exp(−fτiq̇
2
i )sgn(qi) (40)

where fdi, fsi and fτi denotes the dynamic friction effect,
static friction constant and positive constant representing the
Stribeck effect. Note that due to the friction model given in
(40) robot dynamic model used in the simulations is not lin-
early parameterizable, therefore adaptive control techniques
are not applicable. For simulation purposes, the masses of
links 1, 2, and 3 were selected to be 3.60 Kg, 2.60 Kg
and 2.00 Kg, respectively. The corresponding link lengths
were selected as 0.4m, 0.36m, 0.30m, respectively, and the
center of mass of each link was assigned as their midpoints.
Based on these selections, the following values were used for
the mass and friction parameters of the employed dynamical
model in the simulations:
β1 = 1.1956 β2 = 0.3946 β3 = 0.0512 [Kg . m2]
p1 = 0.4752 p2 = 0.1280 p3 = 0.1152 [Kg . m2]

fd1 = 5.3 fd2 = 2.4 fd3 = 1.1 [Nm · sec]
fs1 = 2.0 fs2 = 1.1 fs3 = 0.6 [Nm · sec]
fτ1 = 0.2 fτ2 = 0.2 fτ3 = 0.2 [Nm · sec]

(41)
The constant parameter vector defined in (15) was con-
structed as follows:

θ =
[

β1 β2 β3 p1 p2 p3 fd1 fd2 fd3

]T
. (42)

The manipulator was initialized to be at rest at the fol-
lowing link positions: q1 = −0.2rad., q2 = 1.4rad., and
q3 = 1.9rad.. The desired task-space trajectory, for all
simulations, was selected as follows

xd(t) =
[

0.30 + 0.2 cos(t), 0.40 + 0.1 sin(t)
]T

. (43)

To illustrate the performance of the controller proposed
three sets of simulations with different sub-task objectives
were performed. In the first simulation, H(q) was set to zero
where there was no restriction on the self motion of the robot
and only the end-effector tracking objective is enforced. In
the second simulation, H (q) was selected, to maximize the
manipulability as follows

H (q) = det(JJT ) (44)

where det(·) denotes the determinant of matrix, the self
motion control parameter k and the constant P defined in
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Fig. 2. The Corresponding Link Trajectories for each Simulation

(38) are set to 1. In the third simulation, H (q) was selected
as a combination of two different sub-task objectives as

H (q) = 0.5
(
det(JJT )

)
+0.5 ((q3 − 0.5q2) − 0.5(q2 − q1))

2

(45)
where the first term in sub-task function is constructed to
maximize the manipulability and the second term attempts
to ensure that the optimum link configuration is given by
(q3 − 0.5q2) = 0.5(q2 − q1), (as stated in [6]).

The best results for the controller of (19) were obtained
with the following control gains
α = diag

{
5 10

}
, K = diag

{
50 40 30

}
,

ρ = 10, ε = 0.01
(46)

with the best guess estimates for the unknown parameters
were set to half of their actual values. Figure 1 shows the
desired and actual task-space trajectories of each simulation;
Figure 2 shows the link trajectories; Figure 3 shows the
change of the manipulability measure during the simulation;
and Figure 4 shows the control input torque calculated for
each simulation.

A. Discussion on the Simulation Results

As seen from Figure 1, the end effector position tracking
error is below 1cm per axis after the transient. Therefore, it
is valid to state that the main objective of the proposed con-
troller, end effector position tracking is achieved regardless of
the sub-task. The importance and the effect of the sub-task on
the system can be observed from the link position trajectory
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Fig. 3. The Change of the Manipulability Measure for each Simulation
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Fig. 4. Control Torque Input Signals for each Simulation

plots given in Figure 2, and from the manipulability measure
given in Figure 3 . As can be observed from (a), (b) and
(c) sub figures of Figure 2, for the case of H (q) = 0,
the uncontrolled self motion of the robot causes the link
position trajectory variables to drift, and hence, cause the
manipulability measure of the robot to change outrageously.
Since there were no joint angle limitations enforced in the
simulations this drifting phenomena continues however on
an actual robot the drifting phenomena would definitely
cause the links hits their mechanical limit. In contrast, when
the sub-task is selected according to (44), the drift in the
link position variables are still there but are not as much
when compared to simulation 1, moreover, the corresponding
manipulability measure, shown in Figure 3, slowly stabilizes
around 60 sec. which indicates that the maximum possible
manipulability value is also achieved around the same instant
of time. When the sub-task is selected according to (45),
no drift on the link trajectories or in the corresponding
manipulability measure were observed (see Figure 2 (g), (h)
and (i)). When the sub-task is selected according to (45), the
controller also keeps the link variables and manipulability
measure from drifting too. The manipulability measure of
Simulation 3 is very close to that of Simulation 2 (see Figure
3), which may indicate that both manipulability and optimum
configuration sub-tasks are achieved simultaneously.

VI. CONCLUSIONS

In this paper, we designed a nonlinear robust controller
which achieves globally uniformly ultimately bounded end-
effector position and sub-task tracking. By the use of a
novel filtered tracking error like term, the proposed controller
ensures the regulation of both end-effector position and sub-
task tracking inside an ultimate bound in finite time. The
applied control strategy uses the pseudo-inverse of the ma-
nipulator Jacobian and does not require the computation of
the inverse kinematics. Since our control does not place any
restriction on the self-motion of the manipulator, extra de-
grees of freedom are available for sub-tasks like maintaining
manipulability, avoidance of mechanical limits and obstacle
avoidance. We also showed how to formulate and use the
performance optimization criteria when the robot is subject
to multiple sub-task tracking objectives. Detailed Simulation
results were presented to illustrate the effectiveness of the
developed controller.
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